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In this paper, pseudolocal and local approaches to the tomographic reconstruc-
tion of discontinuities of an unknown function f from its exponential Radon
 .transform data g u , p are developed. A function f is supposed to be piecewise-
 .continuous and compactly supported. A pseudolocal tomography function f x isd
introduced and it is proved that the difference f y f is continuous. Therefore,d
locations and values of jumps of f can be recovered from f , the computation ofd
which is pseudolocal: for the reconstruction of f at a point x one needs to knowd
 .  . < <g u , p only for u , p satisfying Q ? x y p F d. Investigation of the properties of
f as d ª 0 is given. Also a local exponential tomography function f  m . isd L
proposed and it is proved that f  m . is the result of action on f of an ellipticL
< <   m ..pseudo-differential operator with the principal symbol j . Thus sing supp f sL
 .  m . .sing supp f and, moreover, the asymptotics of f x as x ª S, the discontinuityL
curve of f , are established. These asymptotics allow one to find values of jumps of
f across S using local exponential tomography. Q 1996 Academic Press, Inc.
1. INTRODUCTION
One of the possible generalizations of the Radon transform is the
attenuated Radon transform, which is used, for example, in single photon
w xemission tomography 9 . The typical equation in this case is
I L s f x exp y m y dy dx , 1.1 .  .  .  .H H / .L L x
 .  .where I L is the detected intensity of an x-ray along the line L, L x is
the interval along L between point x and a corresponding detector, m is
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 .the attenuation coefficient, and f x is the function which is to be
 .determined given I L for all lines L intersecting the support of f. If the
 .  .attenuation coefficient m is constant inside supp f , then Eq. 1.1 can be
w xreduced to the exponential Radon transform 9 ,
`
m t Hg u , p s e f pQ q tQ dt , 1.2 .  . .H
y`
H  .where Q is a unit vector perpendicular to Q. In 1.2 and throughout the
paper we use the scalar variable u , 0 F u - 2p , along with the vector
 .  .variable Q so that Q s cos u , sin u . The inversion formula for Eq. 1.2 is
w xwell known 9, 17 . In general, however, invertibility is not known if
w xattenuation is not constant. In 8 , local invertibility for generalized and
attenuated Radon transform was proved under assumptions that attenua-
tion is strictly positive and C 2.
In this paper we generalize pseudolocal and local approaches to the
tomographic reconstruction from the exponential Radon transform data.
Until recently, pseudolocal and local tomographies were known only for
w xthe regular Radon transform 1, 4]7, 16, 18 . After the work on this paper
w xwas completed, the author learned about the paper 3 , where local
tomography for the exponential and generalized Radon transforms was
proposed.
 .Everywhere below we suppose that f x is piecewise-smooth, vanishes
 . < <outside the disc of radius R centered at the origin: f x s 0 for x ) R,
and the discontinuity curve of f is denoted by S. In Section 2 we introduce
 .a pseudolocal tomography function f x and prove that the differenced
f y f is continuous. Therefore, the locations and values of jumps of f cand
be recovered from f , the computation of which is pseudolocal: for thed
 .  .reconstruction of f at a point x we need to know g u , p only for u , pd
< <satisfying Q ? x y p F d. Section 3 contains some auxiliary results which
are used in Section 4 for the investigation of the properties of the function
f as d ª 0. The reader, who is not interested in details, can skip Section 3d
 .  .and make note only of Eqs. 3.15 and 3.16 . In Section 5 we propose a
local exponential tomography function f  m . and prove that f  m . is theL L
 .result of action of an elliptic pseudo-differential operator PDO with the
< <   m ..  .principal symbol j on f. Thus sing supp f s sing supp f and, more-L
w x  m . .over, we can apply results from 6 to establish asymptotics of f x asL
x ª S. In particular, these results allow us to find values of jumps of f
across S using local exponential tomography. For convenience, the results
w xfrom 6 which we use here are formulated without proof in the Appendix.
The Appendix also contains the proofs of three technical lemmas used in
 m . w xSection 3. The function f was introduced also in 3 , where it wasL
proved that singular supports of f  m . and f are the same. However, theL
 m . w xbehavior of f in a neighborhood of S was not obtained in 3 .L
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2. PSEUDOLOCAL TOMOGRAPHY FORMULAS
 .Let g u , p denote the exponential Radon transform of the function
 . 2f x , x g R ,
g u , p s e m x?Q H . f x d Q ? x y p dx , 0Fu-2p , QgS1 , pgR, .  .  .H
2R
2.1 .
where S1 is the unit sphere in R2 and d is the delta-function. The
w xfollowing inversion formula for smooth functions was obtained in 17 , see
w xalso 9 :
1 cos m Q ? x y p . .Hym  x?Q .f x s e g u , p dp du , .  .H H p2 1 Q ? x y p4p S R
g u , p s ­ g u , p r­ p. 2.2 .  .  .p
w xFollowing 4 , we fix d ) 0 and introduce the pseudolocal tomography
function f and its complement f c:d d
1 cos m Q ? x y p . .Q?xqdHym  x?Q .f x [ e g u , p dp du , .  .H Hd p2 1 Q ? x y p4p S Q?xyd
2.3 .
and
`1 Q?xydHc ym x?Q .f x [ e q . H H Hd 2  /14p S y` Q?xqd
cos m Q ? x y p . .
= g u , p dp du . 2.4 .  .pQ ? x y p
 .  .Note that integrals 2.2 and 2.3 are understood in the Cauchy principal
value sense.
c .  .LEMMA 1. Let d ) 0 be fixed. Then the function f x defined in 2.4 isd
continuous.
 .Proof. Changing variables in 2.4 , we get
`y1 cos mq .
cf x s F x , q dq, 2.5 .  .  .Hd qp qd
1 Hym  x?Q .F x , q s e g u , Q ? x q q du , 2.6 .  .  .H
12p S
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 .   . .where F s ­ Fr­ q and we used that F x, q is even in q see 3.3 below .q
 .Integration by parts in 2.5 yields
X
`1 cos md cos mq .  .
cf x s F x , d q F x , q dq . 2.7 .  .  .  .Hd  /p d qd
 .Actually, F x, q has compact support as a function of q, so the integral
above is taken over a compact set. Thus, in order to prove continuity of
c .  .f x , it is sufficient to prove that F x, q is continuous in x. As a triviald
w xextension of the results obtained in 12]14 , one can show that the
 .exponential Radon transform g u , p is discontinuous in p only for such
 .  .pairs u , p , that the exponential Radon transform g u , p is discontinu-0 0
 .ous in p only for such pairs u , p , that the lines Q ? x s p inter-0 0 0 0
sect the discontinuity curve S of f over intervals of positive lengths.
 .Since the number of such pairs u , p is at most countable and0 0
<  . <  .  .1sup g u , p - `, Eq. 2.6 implies continuity of F x, q in x.Q g S , pg R
Since f s f q f c and the function f c is continuous, we conclude thatd d d
 .  .  .1 the location of discontinuities of f x is the same as that of f x ,d
and
 .  .  .2 at each discontinuity point j of f , the jump f j q 0 y f j y 0d d d
 .is precisely the same as that of f x at x s j .
 .  .Thus discontinuities of f x can be recovered from the function f x .d
 .  .  . < <Note that f x is computed using g u , p for u , p satisfying u ? x y p Fd
d. Therefore, we call the function f pseudolocal.d
 .  .  . c . cFrom 2.4 and 2.6 we see that f x s lim f x . Since f s f y f ,dª 0 d d d
or, more precisely, f s lim f c y f c, we need to investigate the conver-d e ª 0 e d
gence f c ª f , d ª 0, in order to better understand properties of f .d d
3. SOME AUXILIARY RESULTS
Let us introduce the function
1
f r , x [ f x q rQ du , 3.1 .  .  .H
12p S
and define
f 0, x s lim f r , x . 3.2 .  .  .
rª0
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 .  .Substituting 2.1 into 2.6 , we find
1 H Hym  x?Q . m y?Q .F x , q s e e f y d Q ? y y Q ? x y q dy du .  .  .H H
1 22p S R
1 Hm yyx .?Q .s f y e d Q ? y y x y q du dy .  . .H H
2 12p R S
`1 2p
mr sinuyf .s f xqrF e d r cos uyf yq du df r dr .  . .H H H
12p 0 0 S
2 2’cosh m r y q`  /
s 2 f r , x dr , 3.3 .  .H 2 2< <q ’1 y q rr
 . H  .  .where Q s cos u , sin u , Q s ysin u , cos u , and F s cos f, sin f .
 .  . < <Substituting into 2.7 and using that f r, x s 0 for r G 2 R s A if x F R,
we obtain
2 2¡ ’2 cos md cosh m r y d .  .Ac ~f x s f r , x r dr .  .Hd 2 2¢ ’p d d r y d
X 2 2 ¦’cosh m r y qcos mq .  /A A ¥q f r , x r dr dq .H H 2 2 / §qd q ’r y q
A
s K f 0, x q C r f r , x y f 0, x dr , 3.4 .  .  .  .  . .Hd d
d
where
2 2’2 cos md cosh m r y d .  .
C r s r .d 2 2’p d r y d
X 2 2’cosh m r y qr cos mq .  /
q dq 3.5 .H 2 2 /qd ’r y q
and
2’cos m Aq cosh m A 1 y q .2  /A 1
K s C r dr s dq. 3.6 .  .H Hd d 2pd drA ’1 y q
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 .Let us investigate the behavior of K and C r as d ª 0. Using integrald d
 . w x2.5.53.5 from 2 ,
2’cosh c 1 y x p .1 2 2’cos bx dx s I c y b , b F c, 3.7 .  . .H 02’ 20 1 y x
 .where I is the Bessel function of order zero, we obtain from 3.60
2’cos m Aq cosh m A 1 y q .2  /drA
K s 1 y dqHd 2p 0 ’1 y q
2 cosh m A .
2s 1 y d q O d , d ª 0, 3.8 .  .
p A
 .because I 0 s 1. Let us represent the function C as0 d
2 22 2’ ’cosh m r y qrp cos md cosh m r y d dq .  / .
C r s y . Hd 22 22 2’2 r d qd ’r y qr y d
2 2’cosh m r y qr mq sin mq q cos mq y 1 .  .  .  /
y dq.H 2 2 2qd ’r y q
3.9 .
LEMMA 2. One has
2 2’cosh m r y qr mq sin mq q cos mq y 1 p m .  .  .  /
dq s I mr . .H 12 2 2 2 rq0 ’r y q
3.10 .
For the proof of Lemma 2 and of two other lemmas from this section
 .  .see the Appendix. Substitution of 3.10 into 3.9 yields
2 2’cosh m r y qrp 1 cosh mr dq p m .  /
C r s y y I mr .  .Hd 122 22 r d r 2 rqd ’r y q
2 2’cosh m r y qmq sin mq q cos mq y 1 .  .  .  /d
q dqH 2 2 2q0 ’r y q
2 2’cos md cosh m r y d 1 cosh mr .  . .
q y . 3.11 .
2 2’d d rr y d
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The expression in the first brackets can be rewritten as
2 2’cosh m r y qr1 cosh mr dq .  /
yH 22 2d r qd ’r y q
2 2’cosh m r y qr cosh mr dq cosh mr .  . /
s y qH 2 22 2r q r 0d ’r y q
2 2’cosh m r y qr cosh mr dq cosh mr .  . /
s y qH 2 22 2r q r 00 ’r y q
2 2’cosh m r y qcosh mr dq .  /d
y y . 3.12 .H 22 2r q 00 ’r y q
LEMMA 3. One has
2 2’cosh m r y qr cosh mr dq cosh mr p m .  . /
y s y q I mr . .H 12 22 2r 2 rq r 00 ’r y q
3.13 .
 .  .  .Substituting 3.12 and 3.13 into 3.11 , we find
2 2’cosh m r y qp  /d
C r s mq sin mq q cos mq .  .  .  . .Hd 2 22 r 0 ’r y q
cosh mr dq .
y 2r q
2 2’cos md cosh m r y d 1 cosh mr .  . .
q y . 3.14 .
2 2 /’d d rr y d
 .Estimating the right-hand side of 3.14 as d ª 0, we prove
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LEMMA 4. One has
1
C r s cosh mr y mr sinh mr q O d .  .  .  .  . .d p
d 2 y m2 r 2 .
2= q m r arcsin drr , d ª 0, 3.15 .  .
2 2 /’r r y d
 .where O d is uniform in r, d - r F A.
Using Lemma 4, one easily gets another useful formula:
2
C r s cosh mr y mr sinh mr .  .  .  .d p
d
qO d , d ª 0, 0 - R F r F A. 3.16 .  .. 22 2’r r y d
4. INVESTIGATION OF THE CONVERGENCE
c .  .f x ª f x AS d ª 0d
Using results obtained in Section 3, we are now ready to prove
2 . 2THEOREM 1. Suppose f g C U for some open set U, U ; R . Then
cf x y f x s O d as d ª 0, x g U. 4.1 .  .  .  .d
 .Moreo¨er, the con¨ergence in 4.1 is uniform on all compact subsets of U. If
x g S is fixed and there exists an open neighborhood V of x such that S is0 0
smooth in V and f is piecewise C 2 in V, then
f x q f x .  .q 0 y 0c < <f x y s O d ln d , d ª 0, 4.2 .  .  .d 0 2
 .  .where f x are the limiting ¨alues of f x as x approaches x from different" 0 0
sides of S along any path nonintersecting S.
 . 2 .Proof. First, we prove 4.1 . Let f g C U . Choose any x g U and0
 .  .  2 <find R ) 0 such that B x , R ; U, where B x , R [ x g R : x y1 0 1 0 1
< 4  .  .  w x.x F R . Then f 0, x s f x and one can show that see, e.g., 40 1 0 0
2f r , x y f x F r M r , x , 4.3 .  .  .  .0 0 2 0
 . < 2  .  . <where M r, x s max ­ f x r ­ x ­ x , the maximum is taken over2 0 x, i, j i j
< <  .  .x such that x y x - r and i, j s 1, 2. Equations 3.4 and 3.8 imply for0
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d - R1
2 cosh m A .
c 2f x y f x F f x d q O d .  .  .  .d 0 0 0  /p A
R1 2q C r r M r , x dr .  .H d 2 0
d
A
q C r f r , x y f x dr . 4.4 .  .  .  .H d 0 0
R1
 .  .Let us estimate the first integral in 4.4 . Using 3.15 , we get
R1 2C r r M r , x dr .  .H d 2 0
d
2 2cosh mr y mr sinh mr q O d d 2 y m r .  .  .  .  .R1sH 2 2’pd r r y d
2 2qm r arcsin drr r M r , x dr .  .2 0
2 M x c R r dr 1 .  . R R2 0 1 1 1 2 3F d q m r .H H2 2’p 2d dr y d
d
= y arcsin drr dr 1 q O d .  . .
2 2 /’r y d
2 M x c R m2R2 .  .2 0 1 1F dR 1 q 1 q O d , 4.5 .  . .1  /p 6
 . <  .  .  . <where c R s max cosh mr y mr sinh mr , and we have used0 F r F R1 1
2 2 R 3 2 2 y1r2 31’ .  .that arcsin drr F dr r y d and H r r y d dr F R r3 qd 1
2  .  .d R . The second integral in 4.4 is estimated using 3.16 ,1
A
C r f r , x y f x dr .  .  .H d 0 0
R1
2 dM x cosh mr y mr sinh mr q O d .  .  .  .  .A0 0F H 2p rR1
= 1 q O d dr . .
2 dM x c A .  .0 0
- 1 q O d , 4.6 .  . .
p R1
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 . <  .  . <  .  .2where M x [ sup f x y f x . Substituting 4.5 and 4.6 into0 0 x g R 0
 .4.4 , we obtain
< c <f x y f x .  .d 0 0
2 d cosh m A .
2F f x q M x c R R 1 q O R .  .  .  . .0 2 0 1 1 1p A
c A .
qM x 1 q O d s O d , d ª 0. 4.7 .  .  .  . .0 0 R1
To prove that f c converges to f uniformly on any compact set K, K ; U,d
 .let us fix d , 0 - d - dist K, ­U , where ­U is the boundary of U. Let us
 .  .denote the expression in brackets in 4.7 by C x , R . Clearly,0 1
C [ max C j , R - `. .
jgK
 .dFRFdiam U
< c .  . <  .   ..Therefore, sup f x y f x F 2 drp C 1 q O d , which proves thex g K d
desired assertion.
Now let us pick x g S. Let R , 0 - R F `, be the radius of curvature0 0 0
of S at x . Under the assumptions of the theorem, there exists R ) 00 1
such that
 .  .  .  .a S divides B x , R into two sets B x , R and B x , R with0 1 q 0 1 y 0 1
2  .. 2  ..f g C B x , R , f g C B x , R ;q 0 1 y 0 1
 .  .b S is smooth inside B x , R ; and0 1
 .c intersection of S with any circle centered at x and with radius r,0
0 - r F R , contains exactly two points.1
Let us denote
f x s lim f x , =f x s lim =f x , .  .  .  ." 0 " 0
 .  .xªx , xgB x , R xªx , xgB x , R0 " 0 1 0 " 0 1
4.8 .
where the limits are taken along the paths not intersecting S. Clearly,
f 0, x s f x q f x r2. 4.9 .  .  .  . .0 y 0 q 0
 .  .To estimate the difference f r, x y f 0, x for r - R , we use the0 0 1
  .  . w x.following relation see Eqs. 3.11 and 3.12 in 4
2f r , x y f 0, x s Br q O r , .  .  .0 0
1 D x .0
B s q 2 f x q f x , 4.10 .  .  . .n 0 n 0q y /2p R0
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 .  .where f x s =f x ? n , n and n s yn are unit vectors per-n 0 " 0 " q y q"
pendicular to S at x and pointing inside B and B , respectively, and0 q y
 .  .  . D x s f x y f x . If R s ` the curvature of S at x equals0 y 0 q 0 0 0
.zero , the first term in parentheses in the definition of B equals zero.
 .  .Substituting 4.10 into 3.4 , we get
2 cosh m A .
c 2f x y f 0, x F f 0, x d q O d .  .  .  .d 0 0 0  /p A
R A1 2< <q C r B r q O r dr q C r .  .  . .H Hd d
d R1
f r , x y f 0, x dr . 4.11 .  .  .0 0
 .  .Using 3.16 , we see that the last integral on the right-hand side of 4.11 is
 .  .of order O d , d ª 0. Let us estimate the first integral in 4.11 using
 .3.15 . We have
R1 2< <C r B r q O r dr .  . .H d
d
cosh mr y mr sinh mr q O d .  .  .  .R1FH
pd
=
2 2d 2 y m r .
2 2< <q m r arcsin drr B r q O r dr .  . .
2 2’r r y d
< <2 B c R dr 1 . R R1 1 1 2 2F d q m r .H H2 2’p 2d dr y d
=
d
y arcsin drr dr 1 q O d .  . .
2 2 /’r y d
< <2 B c R 2 R .1 1
< <F d ln q O d s O d ln d , .  . /p d
which proves the desired assertion. In the last equation we have used the
following easily verifiable relations
d r 2R1arcsin drr F , 0 - d - r , dr s O 1 . .  .H2 2 2 2’ ’dr y d r y d
4.12 .
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 . cEquation 4.2 asserts pointwise convergence of f at the discontinuityd
 .curve S. Convergence or, rather, ``nonconvergence'' in a neighborhood of
S is investigated in the following theorem.
THEOREM 2. Let x g S, S is smooth in some neighborhood of x and f is0 0
piecewise C 2 there. Let n and n s yn be unit ¨ectors normal to S at xq y q 0
and pointing inside B and B , respecti¨ ely. Then for any arbitrary fixed g ,q y
0 - g - `, one has
clim f x q g dn y f x q g dn s D x c g , 4.13 .  .  .  .  .d 0 " 0 " " 0
dª0
 .  .  .  .  .where D x [ f x y f x and f x are defined in 4.8 , and" 0 . 0 " 0 " 0
2 arccos g t . .min 1, 1rg
c g [ dt , g ) 0. . H2 1r22p 0 1 y t .
 .The function c g is strictly positi¨ e, monotonically decreasing with
 .  .  2 .  y3 .lim c g s 1r2 and c g s 2r p g q O g , g ª `.g ª 0
Proof. Under the assumptions of the theorem, there exists R ) 0 such1
 .  .  . that conditions a , b , and c in the proof of Theorem 1 are satisfied see
 ..  .  .above 4.8 . Let us consider a point x s x q g d n g B x , R , where0 q q 0 1
w xg , 0 - g - `, is fixed. Suppose R - `. In this case we have 40
2f r , x y f 0, x s O r , r - g d , .  .  .
and
arccos g drr .
1r2f r , x y f 0, x s D x q O r , r ) g d. .  .  .  .q 0 p
4.14 .
 .  .Using the above two equations, 3.4 , and 3.8 , we get
 .max g d , dc 2f x y f x s f x O d q C r O r dr .  .  .  .  .  .Hd d
d
D x . Rq 0 1q C r arccos g drr dr .  .H dp  .max g d , d
R1 0.5q C r O r dr .  .H d
 .max g d , d
A
q C r f r , x y f 0, x dr 4.15 .  .  .  . .H d
R1
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 .  .Equations 3.15 and 3.16 imply that the first, third, and the fourth
 .  2 .  0.5.  .integrals in 4.15 are of order O d , O d , and O d , d ª 0, respec-
tively. Let us compute the limit of the second integral as d ª 0.
R1
C r arccos g drr dr .  .H d
 .max g d , d
g d
arccos  /2 d R r1s drH 2 2’p  .max g d , d r r y d
2 d R1q cosh mr y mr sinh mr y 1 q O d .  .  .  . .H
p  .max g d , d
g d
arccos 2 / m Rr 1
= dr y cosh mr y mr sinh mr .  .  .H2 2’ p  .max g d , dr r y d
d g d
qO d r y arcsin drr arccos dr . 4.16 .  .  ..  /2 2 /’ rr y d
 .  .  2 .Since cosh t y t sinh t y 1 s O t , t ª 0, the last two integrals in
 .  .4.16 are of order O d , d ª 0. Transforming the first integral on the
 .right-hand side of 4.16 as
2 d arccos g drr 2 arccos g t .  .R  .min 1, 1rg1 dr s dt q O d , .H H 1r22 2 2’p p .max g d , d 0r r y d 1 y t .
 .we finally get using 4.15
f c x q g d n y f x q g d n .  . .  .d 0 q 0 q
s D x c g q O d0.5 , d ª 0, 0 - g - `, 4.17 .  .  .  .q 0
2 arccos g t . .min 1, 1rg
c g s dt , 0 - g - `. 4.18 .  .H2 1r22p 0 1 y t .
If R s `, where R is the radius of curvature of S at x g S, then in0 0 0
 .  1r2 .  .4.14 we have to replace O r by O r , and this leads to a replacement
 0.5.  < <.  .of O d by O d ln d in 4.17 . By considering a point x on the other
 .  .  .  .side of x , x s x q g d n g B x , R , we find similarly to 4.14 ] 4.170 0 y y 0 1
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 .that the analog of 4.17 is obtained by replacing there n and D by nq q y
 .  .and D . Therefore Eq. 4.13 is proved. The properties of c g formu-y
 .lated in the theorem follow directly from 4.18 .
5. LOCAL EXPONENTIAL TOMOGRAPHY
w xSimilarly to the regular local tomography 16, 18 , we define local expo-
nential tomography by the formula
1 H m . ym x?Q .f x [ y e g u , Q ? x du . 5.1 .  .  .HL p p
14p S
 .To check that Eq. 5.1 is indeed the generalization of the regular local
 .  .tomography, let us substitute 2.1 into 5.1 .
21 ­H H m . ym x?Q . m y?Q .f x sy e e f y d Q ? yyp dy du . .  .  .H HL 21 24p ­ pS R psQ?x
 .  .y1  .Using the formula d t s 2p H exp its ds, let us represent the inte-R
gral in brackets as an oscillatory integral which, as it is known, can be
w xdifferentiated with respect to a parameter 15 :
1 H H m . ym x?Q . 2 yi t xyy .?Q m y?Q .f x s e t e e f y dy dt du .  .H HHL 2 1 28p S R R
1 H2 yi t xyy .?Q ym xyy .?Qs t e e f y dy dt du . .H HH2 1 28p S R R
After simple transformations, we get
`1
 m . 2 H yi t xyy .?Qf x s t cosh m x y y ? Q e f y dy dt du .  .  . .H H HL 2 1 24p S 0 R
1
H yi t xyy .?Q< < < <s j cosh m x y y ? j r j e f y dy dj , .  . .H H2 2 24p R R
5.2 .
 . H  .where tQ s j s j , j and j s yj , j . Denoting1 2 2 1
x y y ? j H .
< <a x , y , j s j cosh m , 5.3 .  . /< <j
 m .  .we see that f is the result of action of a PDO with amplitude 5.3 on f.L
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 . 2LEMMA 5. Let f x , x g R , be compactly supported. Then one has
sing supp f  m . s sing supp f . 5.4 .  . .L
` 4.  . < <  .Proof. Fix any c g C R , c x, y s 1 for x y y F c and c x, y s1
< < ` 2 .  .0 for x y y G c for some 0 - c - c . Fix also any w g C R , w j s 02 1 2
< <  . < <  .for j F c and w j s 1 for j G c . Let us represent a x, y, j in the1 2
form
a x , y , j s c x , y w j a x , y , j q 1 y c x , y a x , y , j .  .  .  .  .  . .
q c x , y 1 y w j a x , y , j . .  .  . .
  .Differentiating cw a with respect to x, y, and j note that a x, y, j is
.positive homogeneous of degree 1 in j , we obtain that the PDO A ,1
1  2 . 1 2 .corresponding to the symbol cw a, belongs to the class L R s L R .1, 0
 .Clearly, A is properly supported. Moreover, letting y s x in 5.3 and1
 .using that c x, x s 1, we obtain that the principal symbol of A equals1
< <j , hence A is an elliptic PDO of order 1. Since PDO with the amplitude1
 .  .1 y c a q c 1 y w a is smoothing and f is compactly supported, we
 m . .  .conclude that sing supp f s sing supp f .L
Using notation from the proof of Lemma 5, recalling that the principal
< < w x symbol of the PDO A equals j , and using the results from 6 see the1
.Appendix , we obtain that in a neighborhood of S, the discontinuity curve
of f , the asymptotic behavior of f  m . is given by the formulaL
D x 1 q o 1 .  .s m .f x q hn s , h ª 0, .L s s p h
D x s lim f x q tn y f x y tn , 5.5 .  .  .  .s s s s sqtª0
for all x g S in a neighborhood of which S is smooth. Here n is the units s
 .vector perpendicular to S at x . Formula 5.5 is convenient, because its
 .  m . .explicitly relates D x with f x for x close to x g S, thus allowings L s
estimation of the values of the jumps of f from local exponential tomo-
graphic reconstruction. Numerical experiments of finding values of jumps
w xof f using regular local tomography are reported in 6 .
 .Now let us choose any function b Q which has the properties
b Q g C` S1 , min b Q ) 0, b Q s b yQ . 5.6 .  .  .  .  .  .
1QgS
 .  .Inserting function b Q into Eq. 5.1 , we obtain the family of local
exponential tomography functions f  m .,b
1 H m . ym x?Q .f x [ y b Q e g u , Q ? x du , .  .  .Hb p p
14p S
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which is a generalization of the family of regular local tomography func-
w xtions introduced in 10, 11 . Similarly to the proof of Lemma 5, one can
  m ..  .show that sing supp f s sing supp f and that the principal symbol ofb
< <  < <.the corresponding PDO is given by j b jr j .
APPENDIX
Proofs of Lemmas 2]4
 .Proof of Lemma 2. Changing variable q s xr in 3.7 and denoting
crr s m, brr s h, we get
2 2’cosh m r y qr p / 2 2’cos h x dx s I r m y h , 0 F h F m. .H  /02 2 20 ’r y q
A.1 .
Multiplying on both sides by h and integrating with respect to h between 0
 .and m, we get 3.10 .
Proof of Lemma 3. Denoting mr s t and q s sr, we see that one has to
check the identity
2’cosh t 1 y s ds p .1
cosh t y s ycosh t q tI t . A.2 .  .  .  .H 122 /’ 2s0 1 y s
 .  .Let the left-hand side of A.2 be denoted by w t . We have
21 y s ds1Y 2’w t s cosh t y cosh t 1 y s .  .  .H 22 /’ s0 1 y s
2’cosh t 1 y s p .1
s w t q ds s w t q I t , A.3 .  .  .  .H 02’ 20 1 y s
 .where we have used A.1 with h s 0 and r s 1. Using the recurrence
relation for the Bessel functions, one easily gets that the right-hand side of
 .  .A.2 also satisfies differential equation A.3 . Moreover, it is easy to check
 .  .that A.2 holds for t s 0. Therefore, A.2 holds for all t G 0.
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 .Proof of Lemma 4. Let us represent the right-hand side of 3.14 as
2 2’cosh m r y qp mq sin mq q cos mq y 1 .  .  .  /d
C r s . Hd 2 2 22 r q0 ’r y q
=
2 2’1 y cosh md cosh m r y d .  .
dq y
2 2’d r y d
2 2’cosh m r y q cosh mr dq . /d
q yH 22 2 r q 00 ’r y q
2 2’cosh m r y d cosh mr 1 . .
q y . A.4 .
2 2 /’ r dr y d
Let the three expressions in brackets in the last equation be denoted C ,1
C , and C , respectively. Since2 3
1 y cos md mq sin mq q cos mq y 1 .  .  .  .d
s dq,H 2d q0
one has
mq sin mq q cos mq y 1 .  .  .d
C sH1 2q0
=
2 2 2 2’’cosh m r y q cosh m r y d /  .
y dq
2 2 2 2’ 0’r y q r y d
m2 d 2s 1 q O q . .H2 0
=
2 2 2 2 2 2’ ’’cosh m r y d q sinh mj m r y q y r y d . .  /
2 2 ’r y q
2 2’cosh m r y d .
y dq
2 2’ 0r y d
2m d 2 2 2 2 2’ ’s 1 q O q sinh mj m r y d y cosh m r y d . . .  .H2 0
=
y1r2 y1r22 2 2 2r y d y r y q dq, .  .
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2 2 2 2’  .’where j is some point, r y d F j F r y q . Thus sinh mj s
2 2’ .  .sinh m r y d q O d , r G d, and the last equation implies
m2
C s y cosh mr y mr sinh mr q O d .  .  .  .1 2
d
= y arcsin drr , d ª 0, A.5 .  .
2 2 /’r y d
 .where O d is uniform in r, d - r F A. Estimating C , we obtain2
2 2’cosh mr q sinh mj r y q y r .  . cosh mr dq . /d
C s yH2 22 2 r q 00 ’r y q
2 2’r y r y qd
s cosh mr y mr sinh mj dq .  .  . .H 2 2 20 ’q r r y q
dqd
s cosh mr y mr sinh mj .  .  . .H 2 2 2 20 ’ ’r r q r y q r y q /
cosh mr y mr sinh mr q O d dq .  .  .  . d
s H 2 2 2 2r 0 ’ ’r q r y q r y q /
cosh mr y mr sinh mr q O d d .  .  .  .
s , d ª 0,2 2 2’r r q r y d
A.6 .
 .where O d is uniform in r, d - r F A. In a similar fashion we estimate
C :3
2 2’r y r y d
C s cosh mr y mr sinh mj .  .  . .3 2 2’dr r y d
s cosh mr y mr sinh mr q O d .  .  .  . .
d
= , dª0. A.7 .
2 2 2 2’ ’r r q r y d r y d .
 .  .Combining A.5 ] A.7 proves Lemma 4.
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w xResults from 6 used in Section 5
Let F denote the Fourier transform. Consider the action of the PDO B
on f :
y1 Ä Ä i x?jBf s F B j f j , f j s F f j s e f x dx , .  .  .  .  .  . 4 H
2R
 .with a real-valued symbol B j satisfying an asymptotic condition
B j s B tQ s tg b Q 1 q O 1rt , t ª `. .  .  .  . .
 .  .For simplicity we suppose that b Q s b yQ .
THEOREM. Fix any x g S such that S is smooth in a neighborhood U of0
x . Consider a point x s x q hn , x g S l U, h g R, where n is a unit0 s s s s
 .  .¨ector normal to S at x . Let R x and D x be the radius of cur¨ ature of Ss s s
 .at x and the ¨alue of the jump of f across S at x , respecti¨ ely, D x ss s s
  .  ..qlim f x q tn y f x y tn . Then one hast ª 0 s s s s
`D x R x .  .s s i thBf x q hn s b n Im c t , x e dt .  .  .  .Hs s s gy1 s(  5p R x q h . 0s
q h x q hn , A.8 .  .s s
` . `w .where h g C U and c denotes a function with properties c g C 0, `q q
 ..  . q  ..  .= U l S , c t, x s t 1 q O 1rt , t ª `, and O 1rt is uniform withq s
respect to x g K l S for any compact K, x g K ; U.s 0
Remark. If S is flat in a neighborhood of x , one formally lets0
 .  .R x ª ` in A.8 .s
COROLLARY. Let g s 1. Then one has
D x b n 1 q o 1 .  .  .s s
Bf x q hn s q h x . .  .  .s s sp h
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